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Abstract. In the paper, by using Ky Fan’s section theorem, we obtain an existence theorem
for vector equilibrium problems. Motivated by the ideas of Kinoshita and McLennan, we
introduce the concept of the essential component of the solution set for vector equilibrium
problems, and we prove that there exists at least one essential component of the solution set
for every vector equilibrium problem satisfying some conditions.

Key words: C- function, essential component, vector equilibrium problem

1. Introduction and Preliminaries

Ansari [1] studied the vector equilibrium problems, and obtained some
existence theorems. In the paper, by using Ky Fan’s section theorem, we
obtain an existence theorem for vector equilibrium problems. McLennan
[8] had a comprehensive study on the stability problems of fixed points.
Motivated by the ideas of Kinoshita [6] and McLennan [§8], we introduce
the concept of the essential component of the solution set for vector equi-
librium problems, and prove that there exists at least one essential com-
ponent of the solution set for every vector equilibrium problem satisfying
some conditions.

For the sake of convenience, we first introduce some definitions and
notations.

Let Y be a real topological vector space. A nonempty subset C in Y is
called a pointed cone if C is a cone and CN(—C)={0}.

Let H and Y be two topological vector spaces and X a nonempty and
convex subset of H. Let f: X x X - Y with f(x,x) =0, Vx € X and
{C(x):x € X} be a family of closed, pointed and convex cones in Y with
int C(x)#®, where int C(x) denotes the interior of the set C(x). The Vec-
tor Equilibrium Problem (for short, VEP) is:
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Find y* € X, such that
fO* x)¢ int C(y*), VxeX.

Let T be a set-valued map from a Hausdorff topological space H to
another Y, we say that T is upper semicontinuous (in short, u.s.c) at xo€ H
if for any neighborhood N (T (xg)) of T (xy), there exists an open neighbor-
hood O(xg) of xy such that

Vx e O(xo), T(x)CN(T(xp)).

We say that T is upper semicontinuous if 7' is u.s.c. at every point x € H.

If Y is a metric space, H is a Hausdorff topological space, 2! denotes
all the subsets of Y, and the set-valued map T: H — 2" is compact for each
x € H, then, by Corollary 4.2.3 of [7], T is continuous at xo € H if and only
if for each ¢ > 0, there exists an open neighborhood O(xy) of xo such that
h(T (xp), T (x)) <e¢ for all x € O(xy), where h is the Hausdorff metric defined
onY.

DEFINITION 1.1. Let X be a nonempty and convex subset of a topolog-
ical vector space H and let Y be a topological vector space with a closed
and convex cone C such that int C #¢. A mapping p: X — Y 1is called
C-function, iff Vx,ye X, Vo e€[0,1],

pAx+(1=2)y)—Apx) =1 —=21)p(y)eC.

DEFINITION 1.2. A subset Q C Y is residual if it contains a countable
intersection of open dense subsets.

It is easy to see that any residual subset in Baire space is dense.
The following statement is the so-called Fort Theorem (to see [5]).

LEMMA 1.1 ([5)). If X is a metric space, Y is a Baire space, and G:Y — 2%
is upper semicontinuous with compact values, then, there exists a dense resid-
ual set Q in'Y such that G is lower semicontinuous on Q.

Let (E, C) be an ordered topological vector space with a closed, pointed
and convex cone C with int C#£@. y;,m€E, y1<cy<=y—y €C.

LEMMA 1.2 (|2]). Let (E, C) be an ordered topological vector space with a
closed, pointed and convex cone C with int C#@. Then, Vy,z€ E, we have

y—zeC and y¢ int C imply that z¢ int C.
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LEMMA 1.3 (Ky Fan’s Section Theorem [4]). Let X be a nonempty, com-
pact and convex set of a Hausdorff topological vector space H, ACX x X
having the following properties:

(1) for any xe X, (x,x)€A;
(2) for any xe X, A,={yeX:(x,y)€ A} is closed in X;
(3) for any ye X, AY={xeX:(x,y) €A} is convex.

Then there exists y* € X, such that X x {y*}C A.

2. Existence Theorem

THEOREM 2.1. Let X be a nonempty, compact and convex subset of a
Hausdorff topological vector space H, E a Hausdorff topological vector
space, f:XxX—E, C:X—2F, and suppose that the following conditions are
satisfied:

(i) for any xeX, C(x) is a closed, pointed and convex cone with
int C(x)#0;
(i) for any xeX, f(-,x) is continuous on X,
(iii) for any yeX, the set {x€X: f(y,x)€ int C(y)} is convex;
(iv) for any xeX, f(x,x)=0;
(V) the map W : X—2F is upper semicontinuous, where W(x) =
E\(int C(x)).

Then, there exists y*e€X such that f(y*,x)¢& int C(y*), VxeX.

Proof. Let A={(x,y)e X x X: f(y,x) & int C(y)}.

For any x € X, by (i), f(x,x)=0¢ int C(x), then, (x,x)€ A, and
Ar={yeX(x,y)eAl={yeX f(y,x) ¢ int C(N}={yeX: f(y,x) e W}

Suppose y, € A, with y, = yo € X. Then, f(yy,x) € W(y,), by (i),
fa, )= f(yo,x), by (v), f(yo,x) € W(yo), i.e., f(yo,x)¢& int C(y0), wo€
A,, then, A, is closed.

By (iii), for any ye X, AY={xeX:(x,y)dA}={xeX: f(y,x)€ int C(y)}
is convex. By Lemma 1.3, there exists y* € X, such that X x {y*} C A, then

fO* x)¢ int C(y*), VxelX. 0

By the definition of C-function, it is easy to prove the following lemmas,
the proofs are omitted.

LEMMA 2.2. Let X be a convex subset of a Hausdorff topological vector
space H, (E,C) an ordered topological vector space with a closed, pointed
and convex cone C with int C#£@. If f:X — E is C-function, then, the set
{xeX: f(x)€ int C} is convex.
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LEMMA 2.3. Let X be a convex subset of a Hausdorff topological vector
space H, (E,C) an ordered topological vector space with a closed, pointed
and convex cone C with int C#Q. If the mappings f: X — FE and g: X — E
are C-functions, then, for any t €0, 1], the map tf +(1 —1t)g: X — E is also
a C-function, where (tf +(1—1)g)(x)=tf(x)+ (1 —1t)g(x) for any x € X.

3. The Essential Component

Throughout this section, X denotes a nonempty compact convex subset of
a Banach space. Let (E,C) be an ordered Banach space with a closed,
pointed and convex cone C with int C #@.

Let M be the collection of all maps f: X x X — E satisfying the following
conditions:

(1) for any xe X, f(x,x)=0;
(2) for any x € X, f(-,x) is continuous on X;
(3) for any ye€ X, the map f(y,-) is a C-function;

For any f, g€ M, we define

p(f,g)= sup d(f(x,y),g(x,y),

(x,y)eXxX

where d is the metric which is induced by the norm | || on E. Clearly,
(M, p) is a complete metric space.

For any f e M, by Theorem 2.1 and Lemma 2.2, there exists x* € X such
that

f(x*,x)¢ int C, for any xe€X.

Denote by F(f) the set of all the solutions of The Vector Equilibrium Prob-
lem f, i.e.,

F(f)={xeX:¥yeX, f(x,y)¢& int C}.

Thus, f — F(f) indeed defines a solution mapping F: M — 2% and we
have:

THEOREM 3.1. The solution mapping F: M — 2% is upper semicontinuous
mapping with compact values.

Proof For any fe M, we will prove that F(f)={xeX:VyeX, f(x,y) &
int C} is compact.

Let x, € F(f) with x, > x*€ X (n— 0).
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Suppose x* & F(f). Then, there exists yo€ X such that f(x*, yo) € int C.
Since f(-, yp) is continuous at x*, f(x,, yo) = f(x*, yo), and intC is open,
there exists ng such that Vn >ngy, f(x,,yo) €int C which contradicts the
fact that x, € F(f). Then, x*€ F(f), F(f) is closed and hence compact.

Because X is compact, we only need to prove that the Graph F =
{(f,x)eMxX:xeF(f)} is closed.

Let (f,,x,) € Graph F with (f,,x,) —> (f*,x*)e M x X (n — 00), then
x, € F(fy), 1e., fu(x,,y)¢& int C, for any ye X.

Suppose x* & F(f*), then, there exists y € X such that f*(x*,y)e int C,

since (fy,x,) — (f*, x*) and f*(-,y) is continuous at x*, f,(x,,y)—
S G, y) = fH(x*, ).

Since int C is open, there exists n; such that Vn >ni, f,(x,,y)e int C
which contradicts the fact that x, € F(f,). Then, x* € F(f*), the GraphF
must be closed and the map F is upper semicontinuous with compact
values. O

By Lemma 1.1 and Theorem 3.1, we have

THEOREM 3.2. There exists a dense residual subset Q of M such that for
any feQ, F is lower semicontinuous at f, and hence F is continuous at f,
ie, F(f) is stable (F(f) is called stable if, F is continuous at f).

In the sense of Baire category, the solution sets of most of the vector
equilibrium problems are stable. However, there exist vector equilibrium
problems, their solution sets are not stable.

EXAMPLE 3.1. Let X =[-1,1], E = (—00,+00), C=[0,+00), f:X X
X — R, for any x,ye X, f(x,y)=0, then, F(f)=X.

Ve > 0, take f.(x,y)=5(*—y?), it is easy to see that f, € M and
o(f, fe) >0 (¢ = 0), however, F(f,)={0}, i.e., F(f,) ~ F(f) (¢—0), that
is, the map F is not continuous at f and hence F(f) is not stable.

We introduce the notion of the essential component of the solution set
for vector equilibrium problems, and we prove that for any f € M, there
exists at least one essential component of the solution set F(f).

DEFINITION 3.1. For fe M, x e F(f) is called an essential solution
point of f, if for any open neighborhood O(x) of x in X, there exists § >0
such that O(x)NF(f')#@ for any f'e M with p(f, f') <8é.

For each f e M, the component of a point xeF(f) is the union of all
connected subsets of F(f) which contain the point x, see pp. 356 in [3].
Components are connected closed subsets of F(f) and are also connected
and compact. It is easy to see that the components of two distinct points
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of F(f) either coincide or are disjoint, so that all components constitute a
decomposition of F(f) into connected pairwise disjoint compact subsets,
1.e.,

F(H=JCu(f),

aelA

where A is an index set; for any aeA, C,(f) is nonempty, connected and
compact, furthermore, for any o, SeA(a#p), Co(fINCa(f)=9.

DEFINITION 3.2. For feM, C,(f) is called an essential component if
for each open set O containing C,(f), there exists § >0 such that for any
geM with p(f, g) <8, F(g)NO#D.

Remark 3.1. For feM, if x € F(f) is an essential solution point, then,
the component which contains the point x is an essential component.

Remark 3.2. In Example 3.1, there exists no essential solution point of

E(f).

THEOREM 3.3. For any feM, there exists at least one essential compo-

nent of F(f).
Proof. For fe M, suppose that F(f) is decomposed as follows:

F(f)y=] Calh),

aeA

where A is an index set; for any aeA, C,(f) is nonempty, connected and
compact, furthermore, for any o, BeA(a#p), Co(fINC(f)=9.

We will prove that there exists at least one essential component. Other-
wise, for every a€A, there exists an open set O, D C, such that for any
8 >0, there exists g,eM with p(f, go) <8, F(ge)NO,=0.

Following the proof of Lemma 1 in [6], because F(f) is compact, there
exist two open coverings {V;}!_, and {W;}7_, which satisfy the following
conditions:

(1) W,;CV;, where W, is the closure of W;;
Q) ViV, =0, i#j;
(3) V; contains at least one C,, with Oy, DV,,.

By Theorem 3.1, F is upper semicontinuous at f, since U/_,W; D F(f)
and U'_, W; is open, there exists §* >0, for any f'e M with p(f, f') <
5*, U WiD F(f).
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Thus, there exist f,, € M with p(f, f,,) <8* such that F(f, )N O, =0@.
We define a map f* XxX—E as follows:

f(x7}7), lfxeX\U:,:]‘/layGX,
f*(x’ y)= gOli(x= y)v iferiv_yEX;
L) (e, y) +umi(x) fo, (x,y), 1f xeV,\W;, yeX,
where
d(vai)
Ai(x) = — - ,
d(X, Wi)+d(x’ X\Ui=1 ‘/l)
dx, X\U:_, V)
pi) = AU

dx, W) +dx, X \U"_, Vi)

Note that A;(x) and u;(x) are continuous, A;(x)>0, w;(x)=0, and A;(x) +
wi(x)=1.

By Lemma 2.3, it is easy to see that f*e M and p(f, f*) <4, then,
F(f*)#%. Thus, F(f*) CU_,W,.

For any xo € F(f*), there exists iy such that xo € W, CW:‘O, 1.e., xo €
F(fa,) which contradicts the fact that Ou, D Vi DW,-O, F(fo,) N Oy, =.
Then, there exists at least one essential component of F(f) and the proof
is complete. O

Remark 3.3. In example 3.1, the essential component of F(f) is [—1, 1].
In fact, for any open set O which contain [—1, 1], take §: 0 <§ <1, for any
geM with p(f, g) <8, we have F(g)C[—1, 1], then F(g)NO#M.
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